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Abstract
Symmetries for wave equation with additional conditions are found. Some conditions yield
infinite-dimensional symmetry algebra for the nonlinear equation. Ansatzes and solutions
corresponding to the new symmetries were constructed.
We discuss conditional symmetries of the Klein-Gordon equation
u = F (x, u) (1)
for the real-valued function u = u(x0, x1, x2, . . . , xn), x0 = t is the time variable, x0, x1, x2,. . . ,xn
are space variables, n 6= 1. u is the d’Alembert operator
u = −∂
2u
∂x2
0
+
∂2u
∂x2
1
+
∂2u
∂x2
2
+
∂2u
∂x2
3
.
The general equation in the class (1) is not invariant with respect to any operators, with only
particular cases having wide symmetry algebras [1].
The maximal invariance algebra of the equation (1) with F = F (u) (not depending on x) is
the Poincare´ algebra AP (1, n) with the basis operators
pµ = igµν
∂
∂xν
, Jµν = xµpν − xνpµ,
where µ, ν take the values 0, 1, 2,. . . , n; the summation is implied over the repeated indices (if
they are small Greek letters) in the following way:
xνxν = xνx
ν = xνxν = x
2
0 − x21 − x22 − . . . − x2n,
gµν = diag (1,−1,−1, . . . ,−1).
The invariance algebras of the equation (1) will also include dilation operators for F = λuk
or F = λ expu and conformal operators for F = λu
n+3
n−1 .
The maximal invariance algebra of the equation (1) with F = F (x2, u) (x2 = xνxν) is a
subalgebra of the the Poincare´ algebra AP (1, 3) whose basis operators are Lorentz boosts Jµν .
Symmetry of the linear equation (1) with F = 0 and F = λ expu with n = 2 is infinite-
dimensional.
Similarity solutions for the equation (1) can be found by symmetry reduction with respect
to non-equivalent subalgebras of its invariance algebras [1, 2, 3, 4].
Here we present some examples of conditional invariance of the equation (1) - the symmetry
with an additional condition being not Q-conditional symmetry.
1
The concept of conditional symmetry was derived and discussed in the papers [5, 6, 7, 8, 9],
and later it was developed by numerous authors into the theory and a number of algorithms for
studying symmetry properties of equations of mathematical physics and for construction of their
exact solutions (see e.g.[10]). Here we will work with the following definition of the conditional
symmetry:
Definition 1. The equation Φ(x, u, u
1
, . . . , u
l
) = 0, where u
k
is the set of all kth-order partial
derivatives of the function u = (u1, u2, . . . , um), is called conditionally invariant [3] under the
operator
Q = ξi(x, u)∂xi + η
r(x, u)∂ur
if there is an additional condition
G(x, u, u
1
, . . . , u
l1
) = 0, (2)
such that the system of two equations Φ = 0, G = O is invariant under the operator Q.
If (2) has the form G = Qu, then the equation Φ = 0 is called Q-conditionally invariant
under the operator Q [3].
These definitions of the conditional invariance of some equation are based on what is in
reality Lie symmetry (see e.g. the classical texts [11, 12, 13]) of the same equation with a
certain additional condition. Conditional symmetries of wave equation are specifically discussed
in [14, 15, 16].
The equation (1) with an additional condition
xµuµ + αu = 0 (3)
with α 6= 0 has the maximal symmetry algebra determined by the operators
X = (− 1
α
u
1
αxµ
∫
Φuu
1
α
−1du+ Cµνxν + dxµ)pxµ +Φ∂u, (4)
with Φ = Φ(u, u
1
αxµ) being an arbitrary function of its arguments.
∂u designates the operator
∂
∂u
.
With α = 0 the corresponding algebra is generated by the operator
X = x0φ
µ(
xa
x0
, u)pxµ + ψ(
xa
x0
, u)∂u, (5)
with φµ, ψ being arbitrary functions of their arguments.
The additional condition (3) can be presented as Du = 0, where D is the dilation operator
D = xµ∂µ + iαu∂u. (6)
The equation (3) has the general solution
u = xα
0
φ(
xa
x0
). (7)
2
where φ ia an arbitrary function. If we use (7) with ωa =
xa
x0
as an ansatz for
u = 0, (8)
we get the reduced equation
(1 + 2α)ωaφωa + ωaωbφωaωb + α(α + 1)φ− φωaωa = 0. (9)
Summation is implied over the repeated indices. The ansatz (7) corresponds to the operator
(6) that is a Lie symmetry operator of the equation (8).
We found some particular solutions of the equation (9). If we put φ = φ(ω), ω = maωa, ma
are parameters with mama = 1, we get an ordinary differential equation
(1 + 2α)ωφ′ + (ω2 − 1)φ′′ + α(α + 1)φ = 0. (10)
Its solution for α = 0 is
φ = c1 ln |ω +
√
ω2 − 1|+ c2,
for α = −1 it is
φ = c1(
ω
2
√
ω2 − 1− 1
2
ln |ω +
√
ω2 − 1|) + c2.
If φ = φ(ω), ω = ωaωa, α = 0, then a solution of the equation (9) has the form
φ =
∫
ω−
n
2 (ω − 1)−n2−1dω.
The obtained solution are classical symmetry solutions of the equation. However, by ap-
plication of the group transformations corresponding to the infinite-dimensional conditional
symmetry operators it is possible to multiply these solutions and to obtain new ones that will
not be classical symmetry solutions.
The conditional symmetries (4) and (5) can also be considered as a hidden symmetry of the
equation (8), that is new symmetries of the reduced equation (9) with α 6= 0 or α = 0 that is
not present for the original equation.
Definition 2. An equation is said to have hidden conditional invariance if a reduced equation
is conditionally invariant under some additional condition [17].
This definition stems from the definition of the hidden invariance [18].
Further we present an ansatz and solutions for the equation (8) with another additional
condition
xµxνuµν + αxµuµ = 0. (11)
The condition (11) generates the following ansatz for (1):
u = x1−α
0
ψ(
xa
x0
) + φ(
xa
x0
)f(x0), (12)
where f(x0) = lnx0 for α = 1 or f(x0) = 1 for α 6= 1.
3
This additional condition gives an ansatz leading to antireduction [19]. There will be a system
of two reduced equations having the form:
2ωaφωa + ωaωbφωaωb − φωaωa = 0,
2αωaψωa + ωaωbψωaωb − ψωaωa = 0 (13)
for α 6= 1, and
2ωaφωa + ωaωbφωaωb − φωaωa = 0,
αωaψωa + ωaωbψωaωb − ψωaωa − φ− 2ωaφωa = 0 (14)
for α = 1.
Let us adduce partial solutions of these reduced equations with φ = φ(ω), ω = maωa, ma are
parameters with mama = 1
for (13) it is
φ = c1 ln
ω − 1
ω + 1
,
ψ = c3
∫
dω
(ω2 − 1)α ,
for (14) it is
φ = c1 ln
ω − 1
ω + 1
,
ψ =
1√
ω2 − 1{c2 ln |ω +
√
ω2 − 1| − 2 c1√
ω2 − 1 + c1
∫
1√
ω2 − 1 ln |ω +
√
ω2 − 1|dω}.
Substituting the found solutions of the reduced equations into the ansatz (12), we obtain
exact solution of the equation (8).
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